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Abstract
The scattering properties of any complex scattering potential, v : R→ C, can be obtained
from the dynamics of a particular non-unitary two-level quantum system Sv. The application
of the adiabatic approximation to Sv yields a semiclassical treatment of the scattering problem.
We examine the adiabatic series expansion for the evolution operator of Sv and use it to obtain
corrections of arbitrary order to the semiclassical formula for the transfer matrix of v. This
results in a high-energy approximation scheme that unlike the semiclassical approximation can
be applied for potentials with large derivatives.
Complex scattering potentials [1] are capable of supporting intriguing phenomena such as spec-
tral singularities [2, 3, 4], unidirectional reflectionlessness [5], and unidirectional invisibility [6, 7, 8].
Recently, we showed that the transfer matrix M of a general scattering potential v(x) could be
identified with the S-matrix of a non-unitary two-level quantum system Sv, [9]. This reduces the
scattering problem for v to the determination of the evolution operator U(τ, τ0) of Sv. In Ref. [10],
we explore the application of the adiabatic approximation to determine U(τ, τ0) and show that
this gives rise to a semiclassical treatment of the scattering problem. In the present article, we
conduct a detailed study of an improved adiabatic (or semiclassical) approximation scheme for the
computation M that is based on the adiabatic series expansion of U(τ, τ0), [11, 12, 13].
The Hamiltonian for the system Sv has the form [9, 17]
H(τ) :=
[
w(τ)− 1 w(τ)
−w(τ) −w(τ) + 1
]
= −σ3 + w(τ)N, (1)
w(τ) :=
v(τ/k)
2k2
, N := iσ2 + σ3 =
[
1 1
−1 −1
]
, (2)
where τ := kx, k is the wavenumber, and σi, with i = 1, 2, 3, are Pauli matrices. The S-matrix of
H(τ), that we denote by S, satisfies [9]
S := U0(+∞)
−1U(+∞,−∞)U0(−∞) = U0(τ+)
−1U(τ+, τ−)U0(τ−) = M, (3)
where (τ−, τ+) is the largest open interval outside which v(x) vanishes identically, U0(τ) := e
iτσ3 is
the evolution operator for the Hamiltonian H0 := −σ3, which corresponds to setting v = 0 in H(τ),
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U(τ, τ0) := T exp
{
−i
∫ τ
τ0
H(τ ′)dτ ′
}
is the evolution operator for H(τ), and T is the time-ordering
operator.
Let us also recall that the transfer matrix [14] is related to the reflection amplitudes Rr/l from
right/left and the transmission amplitude T according to [4, 8]
M =


T −
RlRr
T
Rr
T
−
Rl
T
1
T

 . (4)
In view of (3) and (4), the determination of the evolution operatorU(τ, τ0) gives a complete solution
of the scattering problem defined by the potential v.
In general, it is not possible to compute U(τ, τ0) exactly. This motivates the use of the adiabatic
approximation, which we can conveniently describe by [10]
U(τ, τ0) ≈ U0(τ, τ0) :=
∑
a=±
ei([δa(τ)+γa(τ)]|Ψa(τ)〉〈Φa(τ0)|. (5)
Here
δ±(τ) := −
∫ τ
τ0
E±(τ
′)dτ ′, γ±(τ) := i
∫ τ
τ0
〈Φ±(τ
′)|dΨ±(τ
′)〉dτ ′, (6)
E±(τ) := ± n (τ), n (τ) :=
√
1− 2w(τ) =
√
1−
v(τ/k)
k2
, (7)
Ψ±(τ) :=
1
2
[
1∓ n (τ)
1± n (τ)
]
, Φ±(τ) :=
1
2 n (τ)∗
[
n (τ)∗ ∓ 1
n (τ)∗ ± 1
]
. (8)
Note that Ψ± and Φ± are respectively eigenvectors of H(τ) and H(τ)
† with eigenvalue E± and E
∗
±.
They form a complete biorthonormal system [15], i.e.,
〈Φa|Ψb〉 = δab,
2∑
a=1
|Ψa〉〈Φa| = I, (9)
where δab stands for the Kronecker delta symbol and I is the 2 × 2 identity matrix. The δ±(τ)
and γ±(τ) appearing in (5) are respectively the dynamical and geometric parts of the phase of the
adiabatically evolving state vectors having Ψ±(τ0) as their initial value, [16].
In view of (6) – (8), we have [10]
eiγ±(τ) =
√
n (τ0)
n (τ)
. (10)
It is also easy to show that the adiabatic approximation (5) is reliable provided that∣∣∣∣ n˙ (τ)4 n (τ)2
∣∣∣∣≪ 1. (11)
As noted in Ref. [10], this is equivalent to the condition for the validity of the semiclassical approx-
imation, namely |v′(x)|/8|k2 − v(x)|3/2 ≪ 1.
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In Refs. [11, 13] we outline a generalization of adiabatic approximation that corresponds to
truncations of the adiabatic series expansion for the evolution operator. In the following sections we
examine the application of this method for the calculation of U(τ, τ0) and subsequently M. Because
the adiabatic approximation (5) leads to a semiclassical expression for M, the above generalized
adiabatic approximation scheme gives rise to a hierarchy of improved semiclassical approximations
in one-dimensional potential scattering.
Consider making a time-dependent linear transformation generated by the inverse of the adi-
abatic time-evolution operator [11, 12, 13], i.e., Ψ(τ) → Ψ˜(τ) := U0(τ, τ0)
−1Ψ(τ). Under this
transformation the Hamiltonian H(τ) and the time-evolution operator U(τ, τ0) transform accord-
ing to
H(τ)→ H˜(τ) := U0(τ, τ0)
−1H(τ)U0(τ, τ0)− iU0(τ, τ0)
−1 ∂
∂τ
U0(τ, τ0), (12)
U(τ, τ0)→ U˜(τ, τ0) := U0(τ, τ0)
−1U(τ, τ0). (13)
It is easy to see that the adiabatic approximation corresponds to H˜(τ) ≈ 0 and U˜(τ, τ0) ≈ 1.
Expressing U(τ, τ0) as a time-ordered exponential of H˜(τ) and using (13) we obtain the following
adiabatic series expansion for the original evolution operator.
U(τ, τ0) = U0(τ, τ0)T e
−i
∫ τ
τ0
dτ ′ H˜(τ ′)
= U0(τ, τ0)
[
1 +
∞∑
ℓ=1
U˜(ℓ)(τ, τ0)
]
=
∞∑
n=0
Un(τ, τ0), (14)
where, for all ℓ ≥ 1,
U˜(ℓ)(τ, τ0) := (−i)
ℓ
∫ τ
τ0
dτℓ
∫ τℓ
τ0
dτℓ−1 · · ·
∫ τ2
τ0
dτ1H˜(τℓ)H˜(τℓ−1) · · · H˜(τ1), (15)
Uℓ(τ, τ0) := U0(τ, τ0)U˜
(ℓ)(τ, τ0). (16)
Substituting (14) in (3) we obtain the following adiabatic series expansion for the transfer matrix
of v.
M = U0(τ+)
−1
[
∞∑
n=0
Un(τ+, τ−)
]
U0(τ−). (17)
With the help of (16) and (17) we can write this relation in the form
M =
∞∑
n=0
M(n) = M(0)
[
1 +
∞∑
ℓ=1
A(ℓ)
]
, (18)
where
M(0) := Msc := U0(τ+)
−1Uℓ(τ+, τ−)U0(τ−), M
(ℓ) := M(0)A(ℓ), (19)
A(ℓ) := U0(τ−)
−1U˜(ℓ)(τ+, τ−)U0(τ−). (20)
Keeping the first n + 1 terms on the right-hand side of (18) and ignoring others give rise to an
n-th order improved adiabatic/semiclassical approximation for M, namely
M ≈
n∑
ℓ=0
M(ℓ) = M(0)
[
1 +
n∑
ℓ=1
A(ℓ)
]
. (21)
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The choice n = 0 leads to the semiclassical expression for M that is given in [10]. The computation
of the higher order terms for a finite-range potential with one or both of τ± taking finite values is
quite involved. In the following we examine the structure of (17) for τ± = ±∞, which applies for
both finite- as well as infinite-range potentials.
The calculation of Msc is straightforward. It results in the following semiclassical expression for
the transfer matrix [10].
M ≈Msc :=
[
eiη(∞) 0
0 e−iη(∞)
]
, (22)
where
η(τ) :=
∫ τ
−∞
[ n (τ ′)− 1] dτ ′ =
∫ x
−∞
[
√
k2 − v(x′)− k] dx′. (23)
To determine the higher order corrections to (22), we need to compute H˜(τ). It is not difficult
to show (using the results of [12] or by direct calculation) that
H˜(τ) =
i n˙ (τ)
2 n (τ)
∑
a=±
e2aiδ(τ)|Ψa(τ0)〉〈Φa(τ0)|
=
i n˙ (τ)
2 n (τ)
{
cos[2δ(τ)] σ1 + sin[2δ(τ)] (a+σ2 − ia−σ3)
}
, (24)
where
δ(τ) := δ−(τ) =
∫ τ
τ0
n (τ ′)dτ ′, a± :=
1
2
[
n (τ0)± n (τ0)
−1
]
. (25)
For τ0 = τ− = −∞, we have n (τ0) = a+ = 1, a− = 0, and (24) reduces to
H˜(τ) =
i n˙ (τ)
2 n (τ)
[
0 e−2iδ(τ)
e2iδ(τ) 0
]
. (26)
The fact that H˜(τ) has vanishing diagonal entries implies that U˜(ℓ)(τ+, τ−) (and consequently A
(ℓ)
and M(ℓ)) are diagonal matrices for even ℓ and have vanishing diagonal entries for odd ℓ. Because a
2× 2 matrix with vanishing diagonal entries can be written as σ1 times a diagonal matrix, we have
A(ℓ) = σνℓ1
[
A−ℓ 0
0 A+ℓ
]
, (27)
where we have used (15) – (20) and (26), and introduced
νℓ :=
1− (−1)ℓ
2
=
{
1 for odd ℓ,
0 for even ℓ,
(28)
A±ℓ :=
1
2ℓ
∫ ∞
−∞
dτℓ
∫ ∞
−∞
dτℓ−1 · · ·
∫ ∞
−∞
dτ1 e
±2iϕℓ(τ1,··· ,τℓ)
ℓ∏
j=1
θ(τj − τj−1) n˙ (τj)
n (τj)
, (29)
ϕℓ(τ1, · · · , τℓ) :=


−η(τ1)− τ1 for ℓ = 1,
−η(τℓ)− τℓ +
(ℓ−1)/2∑
j=1
∫ τ2j
τ2j−1
dτ n (τ) for odd ℓ > 1,
ℓ/2∑
j=1
∫ τ2j
τ2j−1
dτ n (τ) for even ℓ.
(30)
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In light of the fact that the integrand on the right-hand side of (29) involves n˙ / n , which is the
derivative of ln n , we can perform integration by parts to simplify this relation. For ℓ = 1 and 2,
this gives
A±1 = ±i
∫ ∞
−∞
dτ e∓2i[η(τ)+τ ] m1(τ), (31)
A±2 = ∓
i
2
∫ ∞
−∞
dτ m2(τ) +
∫ ∞
−∞
dτ2
∫ τ2
−∞
dτ1 e
±2i
∫ τ2
τ1
dτ n (τ)
m1(τ1)m1(τ2), (32)
where we have introduced
mℓ(τ) := n (τ) ln[ n (τ)]
ℓ,
and made use of (27) – (30). It is important to observe that (31) and (32) do not involve n˙ .
Because ln n = n − 1 + O(n − 1)2, (31) and (32) suggest that we can express A±ℓ as a sum of
integrals whose integrand is of the order of
[ n (τ)− 1]ℓ =
[√
1− v(x)/2k2 − 1
]ℓ
= O
[
v(x)/2k2
]ℓ
.
Consequently, for an energy-independent potential v, (21) is a good approximation for large k (high
energies). In optical applications, where n corresponds to the refractive index of the medium, this
approximation is reliable provided that n deviates from unity by small amounts, | n − 1| ≪ 1.
Because this condition does not restrict | n˙ |, it is weaker than the adiabaticity (semiclassicality)
condition (11). This, in particular, implies that we can apply the n-th order improved semiclassical
approximation (21) with n ≥ 1 to any finite-range potential fulfilling | n − 1| ≪ 1. For a generic
finite-range potential, | n˙ | can take arbitrarily large values at the boundary points of its support,
and the semiclassical approximation (22) cannot be applied.
Consider for example a locally periodic refractive index profile of the form [6, 9]
n =
{
1 + ǫ eiKx for x ∈ (0, L),
1 for x /∈ (0, L),
=
{
1 + ǫ eiKτ/k for τ ∈ (0, kL),
1 for τ /∈ (0, kL).
(33)
where ǫ,K, L are real parameters, K and L are positive, and |ǫ| ≪ 1. We can easily show that
η(τ) =


0 for τ ≤ 0,
iǫk
K
(
1− eiKτ/k
)
for 0 < τ < LK,
iǫk
K
(
1− eiKL
)
for τ ≥ LK,
(34)
A±1 = ±
[
ei(K∓2k)L − 1
K ∓ 2k
]
kǫ+O(ǫ2). (35)
Substituting these relations in (27) and making use of (22), (18), and (4), we obtain the following
expressions for the reflection and transmission amplitudes.
Rr =
[
ei(K−2k)L − 1
]
k ǫ
K − 2k
+O(ǫ2), (36)
Rr =
[
ei(K+2k)L + 1
]
k ǫ
K + 2k
+O(ǫ2), (37)
T = 1 +
(
eiKL − 1
)
k ǫ
K
+O(ǫ2). (38)
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These agree with the perturbative results reported in Ref. [9].
In principle, one can calculate A±ℓ for larger values of ℓ (at least numerically) and construct the
improved semiclassical approximation (21) for any scattering potential. For n ≥ 1, this is a reliable
approximation provided that | n −1| is small. The same is true for the perturbative expansion of the
transfer matrix that we discuss in [9]. However the improved semiclassical approximation accounts
also for certain non-perturbative effects.
In Refs. [11, 12, 13] we discuss an alternative to the adiabatic series expansion that we call
(generalized) adiabatic product expansion. The latter yields the evolution operator of a Hermitian
(non-Hermitian) time-dependent Hamiltonian as the product of the adiabatic evolution operators
for a sequence of HamiltoniansHℓ that are obtained by successive application of the transformations
of the type (12). One can obtain exactly solvable cases where Hℓ⋆ vanishes for some ℓ⋆ and the
product expansion terminates. A direct application of this approach for the case that H0 is the
Hamiltonian (1) fails, because H0 = H(τ) implies H2ℓ−1 = H˜(τ) and H2ℓ = H(τ) for all ℓ ≥ 1. One
may seek for a variant of this scheme where after a transformation of the type (12) one performs
another time-dependent linear transformation [12]. In general this yields infinite product expansions
for U(τ, τ0) and M. The condition that the latter expansion terminates is equivalent to the exact
solvability of the scattering problem. Exploring the effectiveness of this approach for finding exactly
solvable scattering potentials requires further investigation.
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